ABSTRACT. A new proof of the corona theorem for finitely connected domains is given. It is based on a result on the existence of a meromorphic selection from an analytic set-valued function. The latter fact is also applied to the study of finitely generated ideals of Hoo over multiply connected domains.
1. A meromorphic selection theorem. The main result of this section relates some meromorphic vector-valued functions to analytic multifunctions defined in finitely connected domains. First, we recall some definitions. We need also some basic facts from the function theory on finitely connected domains. Our reference is Fisher [4, Chapter 4] . We consider only finitely connected planar domains G whose boundary 8G consists of (k + [13, 20] . Let f E LOO(8G, dwp ). Then
0= r f(~)h(~) dwp(~), hE A(G), h(p)
= 0,
Jac if and only if there is an F E HOO(G), such that f = F / P a.e. dwp on 8G.
We can formulate now the main theorem of this section. and construct a linear functional on L1 of norm one with respect to the norm 111·111.
W (.) will be determined in terms of an L 00 (8G, e n + 1) function representing this functional.
To define the new norm, fix r E (0,1) and set for every z E G: 
We will show that <Po has norm one relative to III . III.
and f E A(G,e n + l ). 
Jae
By the Hahn-Banach theorem, <Po has a e-linear extension <P to (Ll(G,e n + l ), 111·111), such that 111<p111 S The property 111<p111 S 1 implies that W'(<;) E B(<;) a.e. dwp • To check this, choose a countable dense set {Vs} C e n + l , and consider all points <;* E BG, which are points of essential continuity (relative to dwp ) for each of the following functions:
Seeing that the set of all such points <;* has measure one, it suffices to show that 
As in Alexander and Wermer [1] , measure dm can be disintegrated with respect to the projection (~, w) ----> ~, so that for a.a. ~ in aG (with respect to dm* = the projection of dm), we obtain a probability measure da, on L(~), such that
The required properties of W(s-) are checked mostly as in [1] , and the modifica- where C{),r is independent on n.
We will frequently make use of the following observation. REMARK 2.4. If G is any domain regular in the sense of potential theory (finitely or infinitely connected), it can be exhausted by domains of the form G" = {z E G: g( z, p) > €} with smooth analytic boundaries. In this case, a problem in question consists in giving uniform estimates (like in the next proof), the above observations allow us to reduce it to the case, when domain G is finitely connected and has smooth boundary, and functions forming data of the problem are smooth on C.
PROOF OF LEMMA 2.1. We can represent
where P is given by (1. 
Then gi E HOO(G), and Li Jigi == 1 in G, for REMARKS. The corona theorem for finitely connected domains on Riemann surfaces is a classical result, which was proved and reproved many times; see, e.g. Forelli [5] , Gamelin [7] , Stout [19] .
P(S-)q(S-)
Lemma 2'.1 and Corollary 2.5 are due to Jones and Marshall [9] (as well as Remark 2.4). However, the proof given above is different from theirs.
The first application of analytic multifunctions to the corona problem was found by Berndtsson and Ransford, who obtained a new proof of T. Wolff's a-theorem. This approach was followed by Slodkowski [18] , and further continued by Berndtsson and Ransford [2] .
The proof given here generalizes the earlier one, presented in [18] , which was . a direct proof (without use of the a-equation) of the corona theorem for the disc. (Another direct proof was given by Berndtsson and Ransford [2] .) 3. Selection theorem for the annulus. If G is an annulus, Theorem 1.4 can be strenthened as follows. . 
PROOF (SKETCH)
.\ {p, q} -4 G is continuous. Let Ll(~) = L(CP(~)), ~ E aD \ {p,q}, Ll(~) = co ( U L(~)) , ~ = p,q.N gN(Z) = (2N + 1)-1 L g(-y1(z))l/J(~) ~ Q log kl for ~ E Be, 1j!(z) ~ Q log Izl in e, so L(z) c Y(z), z E e. By Proposition
3.2, Y is the (rational) hull of X.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 3D\cI>-1(3G) ). Then apply [lor 17] to get a selection h of L 1 ; h 0 cI>-1 will be a desired many-valued selection. We omit further details.
REMARKS. The averaging argument in the proof of Theorem 3.1 (which we took from Jones and Marshall [9] ) is due to Scheinberg [14] and Stout [19] . J(h, ... , fn) ), was posed and answered negatively (in the case of the unit disc) by Rao [10] (see also Garnett [6, VIII, Ex. 3, p. 369]). A positive result was contributed by T. Wolff, who has shown (in the case of the unit disc), that g3 E J(h, ... , fn). In this section, we prove the next two facts, which generalize (and slightly improve) Wolff's theorem. 
THEOREM 4. 1. Let G be a domain regular in the sense of potential theory (of arbitrary connectivity) such that the sequence of critical points is interpolating for H= ( G). Then (a) g4 belongs to J(h, ... , fn), whenever (4.1) holds for h, ... , fn, g E Hoo(G).

(b)
holds. (With obtuse inequality, (4.5) is also a necessary and sufficient condition, assuming convexity of p.) After substituting p(t) = ~/(4t) -t, the inequality reduces to (4.6) This observation, the equation
and some simple computation show quickly that it suffices to check the following Assertion in order to obtain (4.3).
Assertion. For every positive a, there exist positive constants r, b, c such that the convex function (4.8) I(x) = 2R + (1 + a/2)x + be-ex satisfies (4.6) in (0,00).
Substituting (4.8) in (4.6) , we obtain
;
We specify now e = 1 + a/2, b = a/(4 + 2a Applying Theorem 1.4 to L, we obtain the desired meromorphic function WC)
dwp , which implies (4.10). We obtain (4.11) by (4.13). Q.E.D. PROOF OF THEOREM 4.1. We will find gl, ... ,gn E HOC such that (4.14)
Since we will obtain uniform estimates on gl,"" gn, we can assume, by Remark for z E G\{zi, ... ,zk}. Hence, the functions gi = g2+eki + (WiP)q, which are holomorphic in G, satisfy (4.14). Furthermore, by (4.11), the following uniform estimate holds: Since f*(z) does not vanish at critical points, we can find q, kl"'" kn E HOO(G), so that [9, §2] . In particular, Lemma 2.2 in [9] allows for transferring the problem to the unit disc. In addition, under the (apparently stronger) assumptions of Theorem 2.10 in [9] the exponents 4 and 3 + c can be lowered to 3 and 2 + c respectively.
The author is grateful to Professor Peter Jones for these observations.
Estimates and examples.
In this section, we will estimate (in the case of . the unit disc) some of the constants and parameters, considered previously. This will give some indications of how distant results presented here are from the optimal ones. First consider the best corona constant Ko-that is, the smallest K such that, 
Since the sum 210g(1/a) + (1 + a/2)410g(1/b) has minimum at a = (log(l/b))-l, we obtain I ( 4 log (~ ) ) = 2 log 2 + 2 + 4 log (~ ) + 2 log log (~) + o( b), ACKNOWLEDGMENTS. The author was attracted to problems studied in §4 by R. Rochberg, who suggested that analytic multifunctions might be useful in this context. The author is grateful to R. Rochberg, as well as to T. W. Gamelin and J. Wermer, for their interest in this work.
